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Abstract
The paper is devoted to the derivation of a combined system of motion equations
for solid and fluid in isotropic tight oil/gas sandstone media through volume averag-
ing theorems (VAT). Based on the features of the media, four physical assumptions
are proposed as the foundation for our derivation. More precisely, volume averaging
theorems are applied to the micro-scale motion equations for both the solid and the
fluid as well as to the stress-strain relations, resulting in a combined system of macro-
scale equations for the tight oil/gas sandstone media. It is worth noting that the four
assumptions may not be satisfied in the whole region. Nevertheless, since the charac-
teristic diameter for applying VAT ranges between 10−6 meters and dozens of meters,
we may split the entire domain into several sub-domains such that the four physical
assumptions are satisfied in each sub-domain. By choosing a proper characteristic
diameter of an averaging volume, we derive a formula for the fluid average pressure
in terms of the divergence of the average displacement from the continuity equation
of the fluid. As a result, the motion equations derived in this paper are simpler than
the Biot equations, and are more suitable for inversion of porous medium parameters.
When the fluid is gas and the compressional wave is considered, the derived motion
equations can be simplified to the diffusive-viscous wave equation. Moreover, the ex-
plicit relationship between the coefficients in this equation and medium parameters is
very important for gas detection in tight gas sandstone.
1 Introduction
Wave propagation theory in multi-phase media is the theoretical foundation for
oil and gas exploration. In order to establish the wave propagation theory in multi-
phase media [Pride et al., 1992], two approaches have be used: one is that applying the
concept and theory of macroscopic continuum mechanics into observable macroscopic
quantity; the other is that building macroscopic equations of motion using volume
averaging technique from microscopic equations satisfied by the fluid and solid grains.
Biot’s theory (Biot’s model) is based on the first approach [Biot , 1956a,b], which
is one of the most fundamental wave propagation theories in porous media and has
been applied widely in the seismic exploration. Biot’s theory describes the wave prop-
agation in fluid-saturated porous media. Biot [1956a,b] ignored the microscopic level,
assumed that continuum mechanics can be used in measurable macroscopic quantity,
and derived the governing equations of wave propagation using Lagrangian equations.
Biot’s theory predicted three waves exist in porous media, that is, fast P wave, slow P
wave and S wave. That prediction was confirmed by experiments, which demonstrates
the usefulness of Biot’s theory [Plona, 1980]. In 1962, Biot investigated the acoustic
wave propagation in porous media and extended the theory to cover heterogenous,
anisotropic and viscoelastic media. Thus, the prototype of wave propagation the-
ory in viscoelastic porous media was established [Biot , 1962]. Based on the theory
of irreversible thermodynamics and viscoelasticity, Biot developed the nonlinear and
semilinear mechanics of porous solids [Biot , 1973].
It was found that Biot’s theory could not explain the dispersion and attenuation
of waves in ultrasonic frequency band. In order to handle this issue, a new model
known as Biot and squirt flow (BISQ) model was promoted [Johnston et al., 1979;
Sams et al., 1997; Winkler , 1985]. It was also found that Biot’s theory could not be
used to describe the attenuation in seismic frequency band, and thus, the patchy model
was proposed [Mavko et al., 2009].
Parra extended the BISQ theory for non-isotropic media, and analysed the dis-
persion of velocity and wave attenuation in the media [Landau and Lifshitz , 1986;
Whitaker , 1999]. Diallo and Appel modified the BISQ theory, in which the fluid
pressure is independent with squirt flow length [Diallo and Appel , 2000]. Diallo and
–2–
Confidential manuscript submitted to JGR-Solid Earth
Prasad used pulse transmission technique to measure the velocity and attenuation of
ultrasonic P and S waves from two sets of rock samples. Compared with the experi-
mental results on the velocity and attenuation, it was found that the modified BISQ
model provided better prediction than the BISQ model [Diallo et al., 2003]. Cheng et
al. extended the BISQ model for viscoelastic media [Tang et al., 2012; Cheng et al.,
2002].
We now briefly review the literature on wave propagation theories in porous me-
dia based on the second approach. Cruz and Spanos [de la Cruz and Spanos, 1985]
proposed a complete system of equations which describes the seismic wave propaga-
tion at a low frequency in porous media filled with fluid. The method was based on
volume-averaging, which combines the order-of-magnitude analysis and physical argu-
ments. They obtained equations similar in form to Biot’s equations, and were able
to establish relations between the parameters in Biot’s theory and physical parame-
ters. Considering the interaction between temperature and mechanical motion, Cruz
and Spanos [de la Cruz and Spanos, 1989] used the volume-averaging technique and
proposed governing equations in fluid-filled porous media. Pride et al. derived linear
dynamic equations and stress-strain relation in isotropic two-phase (solid and fluid)
media using the volume-averaging technique [Pride et al., 1992]. The macroscopic
equations matched the equations of motion and stress-strain relation in Biot’s theory.
The effective fluid density is clearly defined with the tractive effort on the interface
between pores and fluid (the wall of pores) [Pride et al., 1992]. Cruz et al. investi-
gated the equilibrium thermodynamics in porous media based on the volume-averaging
technique [de la Cruz et al., 1993]. Sahay et al. considered porous media composed of
interconnected pores and chemically inert viscous fluid [Sahay et al., 2000]. Averag-
ing the constitutive equation at the pore scale, macroscopic constitutive equation in
heterogeneous anisotropic porous media was developed, and the relationship between
this equation and [Biot , 1962] was established [Sahay et al., 2000]. Sahay investigated
the seismic wave propagation in heterogeneous isotropic media, and developed the
macroscopic equations of motion and constitutive equation in heterogeneous isotropic
media. In the most general case, there are twenty-seven independent parameters in
the equations Sahay [2001]. Spanos et al. derived the complete Biot’s theory, taking
into consideration of diffusion and inertial terms through the volume-averaging theory
[Spanos, 2009a]. Compared with the classical Biot-Gassmann equation, the improve-
ment from the complete Biot’s theory is that the porosity is a state variable related to
the temperature and time [de la Cruz and Spanos, 1985; Hickey et al., 1995; Spanos,
2009a]. Spanos investigated seismic wave propagation in the combinatorial elastic
media using volume-averaging theory [Spanos, 2009b].
In summary, much work has been done in the investigation of the porous media
and various equations were proposed. These equations are complicated and contain
numerous parameters. The inverse problems of these equations are improperly posed.
For the particular case of oil and gas reservoirs, the principal factors should be consid-
ered and the secondary factors ignored in order to invert the physical parameters of
the underground. Using the simplified equations to invert the parameters is a feasible
approach [Bourbie´ et al., 1987].
Tight oil and gas is an important type of oil and gas, and is widely distributed
all over the world in different forms such as tight sandstone oil and gas reservoirs,
shale oil and gas reservoirs and so on. Compared with conventional two-phase media,
the matrix and saturated fluid of tight oil and gas have special features. In this
paper, corresponding to properties of tight oil and gas, we propose four basic physical
assumptions for tight oil and gas. Based on these assumptions, the model is suitably
divided into several sub-domains. In each sub-domain, a proper volume-averaging
characteristic length can be selected. For the microscopic equations of motion (effective
equations at each point) in each phase (solid and fluid) and stress-strain relation, the
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macroscopic equations (averaging equation) can be derived when the Slattery’s volume-
averaging technique is used. The detailed derivation is given, and the simplification
made in the derivation is carefully analysed. As a result, conditions for the application
of the equations are explicitly stated, and the physical foundation of the equations is
relatively solid. The equations of motion in tight oil and gas media are two coupled
equations, one for solid grains whereas the other for the fluid. For locally homogeneous
porous media, we present equations for the P and S waves. The governing equations
in tight oil and gas media derived in this paper are compared with the commonly seen
governing equations for porous media. It is worth pointing out that the equations for P
wave can be transformed into the diffusive-viscous wave equations when the fluid in the
pores consists of gas only. In addition, closed form relations are established between the
parameters in the equations and the physical parameters in tight reservoirs. In existing
literature, the diffusive-viscous wave equations were proposed based on experiments,
and relationship between the coefficients and physical parameters of the reservoirs is
not clear.
This paper is organized as follows. In section 2, we review the related theory and
mathematical tools, including the equations of motion of the fluid at pore scale and
elastic solid grains in tight oil and gas reservoirs, and the volume-averaging technique.
In section 3, we derive the macroscopic equations of motion of fluid and solid in tight
oil and gas reservoirs, then the equations of motion in tight oil and gas reservoirs are
achieved. In section 4, from the equations of motion in tight oil and gas reservoirs,
we derive the governing equations of P and S waves in locally homogeneous media. In
particular, when the fluid in pores is gas, the diffusive-viscous wave equations can be
obtained. In addition, closed form relations between the parameters in the equations
and the physical parameters in tight oil and gas reservoirs are given. In section 5,
we compare the equations proposed in this paper with several commonly used wave
equations. Discussion and concluding remarks are presented in section 6.
2 Microscopic Motion Equations in Fluid and in Solid
2.1 Generalized Newton’s law of viscous fluids
Stokes postulated the following fundamental properties of fluids [Serrin, 1959]:
(i) The stress tensor is a continuous function of the deformation tensor and the
local thermodynamic state, but independent of other kinematic quantities.
(ii) The fluid is homogeneous and isotropic.
(iii) When there is no deformation, the stress is hydrostatic.
In particular, when the stress tensor is a linear function of the deformation tensor,
the fluid is called Newtonian. Experimental results indicate that the above listed
assumptions are reasonable for most fluids and gas [Landau and Lifshitz , 1987]. In
this paper, we consider porous fluids in the tight oil/gas sandstone that satisfy these
assumptions. The stress-strain relation satisfies the following relation
σfij = µf
(
vfi,j + v
f
j,i −
2
3
vfl,lδij
)
, (1)
where σf = (σfij) is the viscous stress tensor of the fluid, µf is the dynamic viscosity
coefficient, and vfi is the i
th component of fluid velocity vf . Throughout the paper,
we adopt the summation convention over a repeated index. Thus, e.g.,
vfl,l =
3∑
l=1
∂vfl
∂xl
.
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2.2 Motion equation of fluid in tight oil/gas sandstone
The flux density of momentum of the viscous fluid can be expressed as [Landau
and Lifshitz , 1987]
Πij = p
fδij + ρ
fvfi v
f
j − σfij (2)
where pf is the flow pressure and ρf is the density of fluid.
According to the Euler equation
∂
∂t
ρfvfi = −
∂Πij
∂xj
. (3)
Then the motion equation of fluid can be obtained by combining the equations (2) and
(3):
∂
∂t
ρfvfi +
∂
∂xj
(
pfδij + ρ
fvfi v
f
j − σfij
)
= 0, (4)
where σfij is given by equation (1).
2.3 Motion equation of solid
We use us = (usi ) for the displacement of the solid. If the thermal effect can be
ignored in the mechanical process, and if the body force is negligible, then the motion
equation of solid particle can be expressed as
ρs
∂2
∂t2
usi =
∂σsij
∂xj
, (5)
where σs = (σsij) is the stress tensor of the solid:
σsij = K
susllδij + 2µs
(
εij (u
s)− 1
3
usllδij
)
(6)
where Ks is the bulk modulus of solid, µs is the shear modulus of solid, ε (u
s) =
(εij (u
s)) is the strain tensor with the components defined by
εij (u
s) =
1
2
(
usi,j + u
s
j,i
)
(7)
and usll := tr (ε (u
s)) = ∇ · us is the divergence of us.
2.4 The fluid-solid interface condition
Assume that there is no slip on the interface of the fluid and the solid,
vf =
∂us
∂t
. (8)
Also assume that the normal stress of the solid and the fluid is continuous across the
interface,
−pfni + σfijnj = σsijnj , (9)
where n = (ni) is the unit normal vector on the interface.
2.5 Averaging formulas
2.5.1 Volume averaging and phase averaging
We will take volume averaging over particular regions in porous media, which
are of the same shape, volume and orientation. In this paper, we will use balls of a
constant radius r as the particular regions to do the averaging. For simplicity, we use
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V (x) := B (x; r) to denote the ball centered at x with radius r, and use |V | for the
volume of V (x). Note that |V | does not depend on x.
Denote by Gf for a physical quantity related to the fluid, and extend the defi-
nition of Gf to take on the value 0 outside the fluid region. We consider two kinds
of averaging: volume averaging and phase averaging. The volume average of Gf over
V (x) is defined as
〈Gf 〉 (x) := 1|V |
∫
V (x)
Gf (x′) dx′. (10)
If the grain size of the solid is greater than r, we may assume 〈Gf 〉 (x) is a continuous
function.
Let V f (x) ⊂ V (x) be the subset of V (x) occupied by the fluid. The phase
average of Gf over V (x) is then defined by
Gf (x) :=
1
|V f (x)|
∫
V (x)
Gf (x′) dx′. (11)
We define the porosity of the region V (x) by the formula
φ (x) :=
∣∣V f (x)∣∣
|V | . (12)
In general, φ (x) is a function of the location x (and the radius r). For simplicity, we
will assume φ (x) = φ to be independent of the location x in the rest of the paper.
From the definition of the porosity, we observe that〈
Gf
〉
(x) = φGf (x) . (13)
Similarly, for a physical quantity related to the solid, we define its value to be 0
in the fluid region, and define its volume average over V (x) to be
〈Gs〉 (x) := 1|V |
∫
V (x)
Gs (x′) dx′.
The phase average of Gs over V (x) is
Gs (x) :=
1
|V s (x)|
∫
V (x)
Gs (x′) dx′
where V s (x) ⊂ V (x) is the subset of V (x) occupied by the solid. Note that
V (x) = V f (x) ∪ V s (x) , ∣∣V f (x)∣∣+ |V s (x)| = |V | .
We will make use of some volume averaging formulas. To state the formulas, we
denote by Afs (x) the interface of the solid and fluid in V (x), by v the fluid velocity
on Afs (x), by n the unit outward normal vector of the fluid on Afs (x).
The first formula is a relation between the time derivative of the average and the
average of the time derivative [Fan and Zhu, 2005; Pride et al., 1992]: let Gf (x, t) be
a function of x and t,
∂t
〈
Gf
〉
(x, t) =
〈
∂tG
f
〉
(x, t) +
1
|V |
∫
Afs(x)
Gf (x′, t) v (x′, t) · n (x′) ds (x′). (14)
The second formula is a relation between the spatial derivative of the average
and the average of the spatial derivative [Fan and Zhu, 2005; Whitaker , 1999]:〈
∂iG
f
〉
(x, t) = ∂i
〈
Gf
〉
(x, t) +
1
|V |
∫
Afs(x)
Gf (x′, t)ni (x′) ds (x′). (15)
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Taking Gf (x) = 1 in the formula (15), we obtain an important relation:
∂iφ (x) = − 1|V |
∫
Afs(x)
ni (x
′) ds (x′). (16)
Another consequence of the formula (15) is a relation between the divergence of
the average and the average of the divergence [Fan and Zhu, 2005; Whitaker , 1999]:
〈∇ ·ψ〉 (x, t) = ∇ · 〈ψ〉 (x, t) + 1|V |
∫
Afs(x)
ψ (x′, t) · n (x′) ds (x′). (17)
In the rest of the paper, to simplify the writing, we will follow the convention in
the literature and suppress the independent variables for various quantities involved
in the averaging formulas; moreover, we will use V to replace |V | for the volume of V ,
use dV for the volume element and dA for the surface element. Thus, the formulas
(14)–(17) are each expressed as follows:
∂t
〈
Gf
〉
=
〈
∂tG
f
〉
+
1
|V |
∫
Afs
Gfv · ndA, (18)〈
∂iG
f
〉
= ∂i
〈
Gf
〉
+
1
|V |
∫
Afs
GfnidA, (19)
∂iφ = − 1|V |
∫
Afs
nidA, (20)
〈∇ ·ψ〉 = ∇ · 〈ψ〉+ 1|V |
∫
Afs
ψ · ndA. (21)
2.5.2 On proper size choice in volume averaging
The scale determination is very important in applying the technique of volume
averaging [Whitaker , 1999]. If the size of representative volume is too small to include
both solid phase and fluid phase, then the average value could be zero. Consequently,
the average value may have only the zero-th order smoothness, and its gradient is
not defined. However, the idea of the averaging method is to define a function 〈G〉
smoother than the function G [Pride et al., 1992]. Thus, letting s represent an average
length of the grain and letting l = 2 r be the diameter of the balls, in order to make
the averaging results useful, we require the following condition
s l. (22)
On the other hand, when a wave passes through the porous media, to get effective
value after volume averaging, we require
l λ, (23)
where λ denotes the wavelength. Combining (22) and (23), we reach the condition on
the averaging volume size:
s l λ, (24)
In tight oil/gas sandstone media, s is of the order 10−6 m (cf. Appendix B), the
compressional wave speed is in the range of 3800 m/s to 5570 m/s, whereas the shear
wave speed is in the range of 2590 m/s to 3500 m/s. Assume the dominant frequency
of the seismic wave is 40 Hz. Then the wavelength of the compressional wave, λP , is
between 95 m and 139.25 m, whereas that of the shear wave, λS , is between 64.75 m
and 87.5 m. Thus, in meters, for the compressional wave,
10−6  l 95,
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and for the shear wave,
10−6  l 64.75.
Hence, the range of the characteristic length (the diameter of the balls in this paper)
is wide for the application of the volume averaging formulas. Based on the need from
applications, it is also possible to choose averaging volumes of different characteristic
sizes in different sub-regions of the media.
3 Motion Equations for Tight Oil/Gas Sandstone Media
3.1 Basic physical assumptions on oil/gas sandstone media
Physical assumptions are needed in deriving the wave motion equation by using
the averaging formulas [Pride et al., 1992]. In this paper, we introduce the following
four basic assumptions on the tight oil/gas sandstone media.
Assumption 1. Both the fluid and solid may be viewed homogeneous in a scale much
larger than the characteristic pore size, but much smaller than the wavelength of
seismic wave. Thus, for either the fluid phase or the solid phase, over the sub-region
V where averaging formulas are applied, material parameters such as the density may
be taken as constants.
Assumption 2. Both the fluid and solid are isotropic, and the thermodynamic effect
can be ignored.
Assumption 3. Both the fluid and solid are in equilibrium before the seismic wave
arrives.
Assumption 4. The porosity gradient in the tight oil/gas sandstone is approximately
zero on a scale several times bigger than the size of V before the seismic wave arrives.
For the oil/gas sandstone media under consideration, wherever necessary, we can
split the entire domain into sub-domains so that on each sub-domain, the above four
basic assumptions are valid. We then derive motion equations in each sub-domain,
and combine them together with joining conditions across the boundaries of the sub-
domains, so as to form a system of equations and conditions over the entire domain.
For simplicity in writing, in Subsections 3.2–3.4, we suppress the sub-domain index
when referring to various quantities.
3.2 Macro-scale equations for the fluid
First, we recall the poro-scale fluid flow equations (4) and (1),
∂t
(
ρfvfi
)
+ ∂j
(
pfδij + ρ
fvfi v
f
j − σfij
)
= 0, (25)
σfij = µf
(
vfi,j + v
f
j,i − 23 vfl,lδij
)
. (26)
Taking the volume average on the equation (25) over V = V (x), we obtain〈
∂t
(
ρfvfi
)〉
+
〈
∂j
(
pfδij + ρ
fvfi v
f
j − σfij
)〉
= 0. (27)
By the formula (18),〈
∂t
(
ρfvfi
)〉
= ∂t
〈
ρfvfi
〉
− 1
V
∫
Afs
ρfvfi v
f
j njdA. (28)
By the formula (19),〈
∂j
(
pfδij + ρ
fvfi v
f
j − σfij
)〉
= ∂j
(〈
pfδij
〉
+
〈
ρfvfi v
f
j
〉
−
〈
σfij
〉)
+
1
V
∫
Afs
(
pfδij + ρ
fvfi v
f
j − σfij
)
njdA. (29)
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Use (28) and (29) in (27) to obtain
∂t
〈
ρfvfi
〉
+ ∂j
(〈
pfδij
〉
+
〈
ρfvfi v
f
j
〉
−
〈
σfij
〉)
+
1
V
∫
Afs
(
pfδij − σfij
)
njdA = 0. (30)
Making use of the definition of porosity (11), we rewrite the equation (30) as
∂t
(
φρfvfi
)
+ ∂j
[
φ pfδij + φρfv
f
i v
f
j −
〈
σfij
〉]
+
1
V
∫
Afs
(
pfδij − σfij
)
njdA = 0. (31)
Taking the volume average on the equation (26) over V = V (x), we obtain〈
σfij
〉
= µf
[〈
vfi,j
〈
+
〈
vfj,i
〉
− 2
3
〈
vfl,l
〉
δij
]
. (32)
Then apply the averaging formulas to find〈
σfij
〉
= µf
[
∂j
〈
vfi
〉
+ ∂i
〈
vfj
〉
− 2
3
∂l
〈
vfl
〉
δij +
1
V
∫
Afs
(
vfj ni + v
f
i nj −
2
3
vfl nlδij
)
dA
]
.
(33)
According to [de la Cruz and Spanos, 1985], up to a higher order term,
1
V
∫
Afs
(
vfj ni + v
f
i nj −
2
3
vfl nlδij
)
dA = −vfj ∂iφ− vfi ∂jφ+
2
3
vfl ∂lφδij . (34)
Since by Assumption 4, the gradient of the porosity is approximately zero, the right
side of (34) is nearly zero. Then we derive from (33) that, up to a higher order term,〈
σfij
〉
= µf
[
∂j
〈
vfi
〉
+ ∂i
〈
vfj
〉
− 2
3
∂l
〈
vfl
〉
δij
]
. (35)
Again, make use of the definition of porosity (11) to rewrite the equation (35) as〈
σfij
〉
= µfφ
(
∂jv
f
i + ∂iv
f
j −
2
3
∂lv
f
l δij
)
. (36)
Use (36) in (31) and ignore the second order term of the velocity components,
∂t
(
φρfvfi
)
+∂j
[
φ pfδij − µfφ
(
∂jv
f
i + ∂iv
f
j −
2
3
∂lv
f
l δij
)]
+
1
V
∫
Afs
(
pfδij − σfij
)
njdA = 0.
(37)
Denote
I1 =
1
V
∫
Afs
pfnidA, I2 = − 1
V
∫
Afs
σfijnjdA.
Write
I1 =
1
V
∫
Afs
(
pf − pf
)
nidA+
1
V
∫
Afs
pfnidA, (38)
where pf is constant in V (x). When the wave induced fluid flow occurs, the pressure
pf at the micro-scale deviates from its average value pf . For the generalized Newtonian
fluid flow (i.e., Stokes flow), we may assume [de la Cruz and Spanos, 1983]
1
V
∫
Afs
(
pf − pf
)
nidA = µfb
(
vfi − vsi
)
, (39)
where the parameter b is a geometry related parameter in the effective flow tube. Then
we obtain from (38) that
I1 =
1
V
∫
Afs
pfnidA = µfb
(
vfi − vsi
)
− pf ∂iφ. (40)
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Following [de la Cruz and Spanos, 1983],
I2 = µfa
(
vfi − vsi
)
, (41)
where a is a geometry related parameter of the effective flow tube.
Using (40) and (41), we derive from (37) that
∂t
(
φρfvfi
)
+ ∂j
[
φ pfδij − µfφ
(
∂jv
f
i + ∂iv
f
j −
2
3
∂lv
f
l δij
)]
+ µf (a+ b)
(
vfi − vsi
)
= 0.
(42)
It can be shown that (cf. Appendix A)
a+ b =
φ2
K
, (43)
where K is the permeability. Thus, the equation (42) can be rewritten as
∂t
(
ρfvfi
)
+ ∂j
[
pfδij − µf
(
∂jv
f
i + ∂iv
f
j −
2
3
∂lv
f
l δij
)]
+ µf
φ
K
(
vfi − vsi
)
= 0. (44)
In the vector notation, where (1/V )
∫
Afs
ufi v·n dA is negligible, the equation takes the
form
ρf∂2tu
f +∇pf − µf
(
1
3
∇∇·vf + ∆vf
)
+ µf
φ
K
(
vf − vs
)
= 0. (45)
The equations (44) or (45) are the macro-scale fluid equations.
3.3 Macro-scale equations for the solid
The motion equation for the solid at pore-scale is described as
ρs∂2t u
s
i = ∂jσ
s
ij . (46)
Taking the volume averaging of the equation (46), we have
〈ρs∂2t usi 〉 = 〈∂jσsij〉 = ∂j〈σsij〉+
1
V
∫
Asf
σsijn
′
jdA. (47)
For the left-side of the equation (47),
∂2t u
s
i = ∂t(∂tu
s
i ), (48)
〈∂2t usi 〉 = 〈∂t(∂tusi )〉 = ∂t〈∂tusi 〉 −
1
V
∫
Afs
∂tu
s
i∂tu
s
jnjdA. (49)
Ignoring the second-order quantity of the velocity for the solid, we obtain
〈∂2t usi 〉 = ∂t〈∂tusi 〉. (50)
Apply the volume averaging formula (29),
〈∂tusi 〉 = ∂t〈usi 〉 −
1
V
∫
Afs
usi∂tu
s
jnjdA. (51)
The second term on the right side of (51) is a second-order quantity and is ignored.
Then we obtain from the equation (50) that
〈∂2t usi 〉 = ∂2t 〈usi 〉 = (1− φ)∂2t usi . (52)
We then consider the right-side term in the equation (47),〈
∂jσ
s
ij
〉
= ∂j
〈
σsij
〉
+
1
V
∫
Asf
σsijnjdA. (53)
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Substituting the equation (6) into the expression in equation (53), we find
〈
σsij
〉
= 〈Ksusllδij〉+ 2µs
〈
usij
〉− 2µs
3
〈usllδij〉 , (54)
〈Ksusllδij〉 = Ksδij 〈∂lusl 〉 = Ksδij
[
∂l 〈usl 〉+
1
V
∫
Asf
uslnldA
]
, (55)
〈
usij
〉
=
1
2
[〈∂kusi 〉+ 〈∂iusj〉]= 12
[
∂j 〈usi 〉+ ∂i
〈
usj
〉
+
1
V
∫
Asf
usinjdA+
1
V
∫
Asf
usjnidA
]
, (56)
〈∇·us〉 = ∇ · 〈us〉+ 1
V
∫
Asf
usjnjdA = ∂l 〈usl 〉+
1
V
∫
Asf
usjnjdA. (57)
Substituting equation (55), (56) and (57) into equations (54), we obtain
〈
σsij
〉
= Ksδij
[
∂l 〈usl 〉+
1
V
∫
Asf
uslnldA
]
− 2
3
µsδij
(
∂l 〈usl 〉+
1
V
∫
Asf
usjnjdA
)
+µs
{
∂j 〈usi 〉+ ∂i
〈
usj
〉
+
1
V
∫
Asf
(
usinj + u
s
jni
)
dA
}
. (58)
The expression us·n dA represents the volume swept out by the displacement of the
boundary surface element, and thus it is related to the variation of the porosity. We
have
1
V
∫
Asf
us·n dA = −(φ− φ0), (59)
φ and φ0 being the porosity before and after perturbation, respectively. Consider the
quantity
I =
1
V
∫
Asf
(
usinj + u
s
jni
)
dA− 2
3
δij
1
V
∫
Asf
uslnldA. (60)
Its time derivative is, noting that vfi = ∂u
s
i/∂t on the interface of fluid and solid,
∂I
∂t
=
1
V
∫
Asf
(
vfi nj + v
f
j ni
)
dA− 2
3
δij
1
V
∫
Asf
vfl nldA
= −vfi ∂jφ− vfj ∂iφ+
2
3
δijv
f
l ∂lφ (61)
The particle velocity on the interface between the solid and fluid in tight oil and
gas media is relatively small, and the porosity varies slowly. Therefore, according to
Assumption 4, the right side of (61) is nearly zero,
∂I
∂t
≈ 0. (62)
This implies that I is approximately a constant on the interface between the solid and
fluid. Choosing the constant to be zero, we have
I ≈ 0. (63)
Moreover,
∂j〈usi 〉 = ∂j
1
V
∫
V s
usidV = ∂ju
s
i
(
V s
V
)
= ∂jusi
(
V − V f
V
)
= ∂j((1− φ)usi ),
i.e.,
∂i〈usj〉 = (1− φ)∂iusj . (64)
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Using (59), (63) and (64) in (58), and noting the relation ∂i〈usj〉 = (1 − φ)∂iusj ,
we have
〈σsij〉 = µs
{
(1− φ)usi,j + (1− φ)usj,i −
2
3
δij(1− φ)usl,l
}
+Ksδij
{
(1− φ)usl,l + φ− φ0
}
= µs(1− φ)
{
∂jusi + ∂iu
s
j −
2
3
δij∇·us
}
+Ksδij(1− φ)∇·us (65)
+
(
Ks − 2
3
µs
)
δij (φ0 − φ) .
Take the derivative with respect to xj ,
∂j〈σsij〉 = µs(1−φ)∂j
{
usi,j + u
s
j,i −
2
3
δij∇·us
}
+Ks(1−φ)∂j∇·us+
(
Ks − 2
3
µs
)
∂j (φ0 − φ) .
(66)
Now consider the boundary integral term in (47),
J = − 1
V
∫
Afs
σsijnjdA. (67)
Apply the boundary condition σsijnj = −pfni + σfijnj in (67),
J =
1
V
∫
Afs
(
pfni − σfijnj
)
dA = I1 + I2.
By (40)–(41),
J = µf (a+ b)
(
vfi − vsi
)
− pf ∂iφ. (68)
Substituting the relations (52), (66) and (68) in (47), and noting that the gradient
of porosity is approximately zero, we obtain
ρs∂2t u
s
i − µs∂j
[
usi,j + u
s
j,i −
2
3
δijusl,l
]
−Ks∂iusl,l −
µfφ
2
K(1− φ) (v
f
i − vsi )
= ρs∂2t u
s
i − µs
[
∂j∂jusi +
1
3
∂i∂jusj
]
−Ks∂i∂lusl −
µf
K
φ2
1− φ (v
f
i − vsi )
= 0. (69)
The equation is rewritten in a vector form as
ρs∂2tu
s − µs∇2us − (Ks + µs
3
)∇(∇·us)− µf
K
φ2
1− φ (v
f − vs) = 0. (70)
So, equations (69) and (70) are the macro-scale solid equations.
3.4 Macro-scale equations of motion in tight gas and oil media
So far, we have derived the following macro-scale equations of solid and fluid for
the tight gas and oil media (i.e., equations (44) and (69)):
∂t
(
ρfvfi
)
+ ∂j
(
pfδij − µf
(
∂iv
f
j + ∂jv
f
i −
2
3
δij∂lv
f
l
))
+ µf
φ
K
(
vfi − vsi
)
= 0,
ρs∂2t u
2
i − µs
(
∂j∂jusi +
1
3
∂i∂jusj
)
−Ks∂i∂lusl −
µf
K
φ2
1− φ
(
vfi − vsi
)
= 0,
or, in vector form (i.e., equations (45) and (70)),
ρf∂2tu
f +∇pf − µf
(
1
3
∇∇·vf +∇2vf
)
+ µf
φ
K
(
vf − vs
)
= 0,
ρs∂2tu
s − µs∇2us −
(
Ks +
µs
3
)
∇ (∇·us)− µf
K
φ2
1− φ
(
vf − vs
)
= 0.
–12–
Confidential manuscript submitted to JGR-Solid Earth
To close the system of partial differential equations for the motions in the tight
oil and gas media, we need to establish a relation between pf and uf . Such a relation
was discussed in a number of publications, cf. [de la Cruz and Spanos, 1985; Mase
and Mase, 1999; Spanos, 2001]. Here, we follow [de la Cruz and Spanos, 1985] and
pay particular attention to the characteristics of tight oil and gas. We ignore the heat
transfer, and thus the entropy does not change in time. In this situation, the equation
of continuity of fluid is [Landau and Lifshitz , 1987]
∂ρf
∂t
+∇· (ρfvf) = 0. (71)
Take a volume-averaging on both sides of the equation (71),
1
V
∫
V
{
∂ρf
∂t
+∇· (ρfvf)} dV = 0. (72)
Apply the averaging formulas,
1
V
∫
V
∂ρf
∂t
dV =
∂
∂t
〈
ρf
〉− 1
V
∫
Afs
ρfvf ·n dA, (73)〈∇·ρfvf〉 = ∇· 〈ρfvf〉+ 1
V
∫
Afs
ρfvf ·n dA. (74)
Using the relations (73) and (74) in (72), we get
∂
∂t
(
φρf
)
+∇·(φρfvf ) = 0. (75)
When the seismic wave is used in oil and gas exploration, the source is loaded
near the surface, and therefore the seismic wave in the reservoirs is a far field one. The
size of the strain in a far field wave (denoted by ε in the following) is far less than
10−9 [Winkler and Nur , 1979].
Let ρf and φ be the density of the fluid and porosity of the equilibrium state
before the seismic waves arrive. In deriving the macro-scale equations with the aver-
aging formulas, we may choose the size of the averaging volume suitably so that ρf
and φ could be viewed as constant in the averaging volume. Let ρf ′(t) and φ′(t) be
perturbations of the density of the fluid and the porosity induced by the waves, and
let ρfto and φto be the density of the fluid and the total porosity after the waves arrive.
Then,
ρfto = ρ
f + ρf ′(t), ρf  ρf ′(t), (76)
φto = φ+ φ
′(t), φ φ′(t). (77)
Now we analyze the perturbation size of the fluid density and the porosity. Con-
sider a small volume element V0 in the oil and gas media. The volume strain Q is
defined as
Q =
V − V0
V0
=
∆V
V0
≤ 3ε,
where V is the volume element after the perturbation. The volume strain in far field
region induced by the seismic wave is far less than 10−6. For the small volume element
under consideration, the porosity is just one of the component (the other one is the
matrix). Therefore, for the perturbation of the porosity, φ′(t) ≤ Q 10−6.
Regarding the perturbation of the fluid density induced by seismic waves, due to
the conservation of mass, we have
ρfV f0 =
(
ρf + ρf ′
) (
V f0 + ∆V
f
)
,
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and then, ∣∣∣∣ρ′(t)ρ
∣∣∣∣ =
∣∣∣∣∣−∆V fV f0
∣∣∣∣∣ 10−6,
where V f0 represents the volume of the fluid.
Substituting equation (76) and (77) into equation (75), we have
∂
∂t
(
ρfφ+ φρf ′ + ρfφ′ + φ′ρf ′
)
+∇·
[
(ρfφ+ φρf ′ + ρfφ′ + φ′ρf ′)vf
]
= 0. (78)
Dividing the equation by ρfφ, we have
∂
∂t
(
ρf ′
ρf
+
φ′
φ
+
φ′ρf ′
ρfφ
)
+∇·
[(
1 +
ρf ′
ρf
+
φ′
φ
+
φ′ρf ′
ρfφ
)
vf
]
= 0.
Omitting high order small quantities, and noting that φ′ and ρf ′ are independent of
the space variable for the selected size of the averaging volume suitably, we get
∂
∂t
(
ρf ′
ρf
+
φ′
φ
)
+∇ · vf = ∂
∂t
(
ρf ′
ρf
+
φ′
φ
+∇ · uf
)
= 0. (79)
For the wave motion, it implies
φ′
φ
= −∇ · uf − ρ
f ′
ρf
. (80)
In the following, the unperturbed pressure is taken to be zero. We have [Berkhout ,
1980; de la Cruz and Spanos, 1985]
ρf ′ =
∂ρf
∂pf
pf =
1
c2
pf , (81)
where c is the wave propagation velocity in acoustic media. Use (81) in (80),
φ′
φ
= −∇ · uf − 1
c2ρf
pf . (82)
Let
η(t) =
φ′
φ
. (83)
Then,
pf = −ρfc2
(
∇ · uf + η(t)
)
. (84)
If the solid matrix were completely rigid, then η(t) = 0. The system of equations for
the motion in tight oil and gas media consists of (44), (45) and (84) or of (45), (70)
and (84).
3.5 The equations of motion corresponding to multi-subdomains
The macro-scale equations in Subsection 3.4 were derived based on the four basic
physical assumptions. If these basic assumptions are not satisfied on the entire domain,
then we may split the domain into several sub-domains so that on each sub-domain, the
four basic physical assumptions are valid. In this way, we obtain the motion equations
for each sub-domain.
For convenience, we consider the case of two sub-domains.
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Figure 1. Boundary between two sub-domains
3.5.1 The boundary conditions on the interface between two sub-domains
Introduce the following symbols:
uf,1i : the ith component of fluid average displacement in sub-domain 1
uf,2i : the ith component of fluid average displacement in sub-domain 2
q1i : the ith component of fluid filtering velocity in sub-domain 1
q2i : the ith component of fluid filtering velocity in sub-domain 2
σf,1ij : fluid macro-scale stress tensor in sub-domain 1
σf,2ij : fluid macro-scale stress tensor in sub-domain 2
σs,1ij : solid macro-scale stress tensor in sub-domain 1
σs,2ij : solid macro-scale stress tensor in sub-domain 2
qn: normal component of the filtering velocity
p1: average fluid pressure in sub-domain 1
p2: average fluid pressure in sub-domain 2
The joining conditions across the boundary of two sub-domains are as follows
[Bourbie´ et al., 1987].
(1) The macro-scale displacements of solid and fluid are continuous,
uf,1i = u
f,2
i , u
s,1
i = u
s,2
i .
(2) Components of filtering speed are continuous
q1i ni = q
2
i ni.
(3) Macro-scale stresses on the interface are continuous
σf,1ij nj = σ
f,2
ij nj , σ
s,1
ij nj = σ
s,2
ij nj .
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Figure 2. A domain consists of two sub-domains
(4) The relation between normal component of filtering speed and pressure of
two sides on the interface is
qn = −κs
(
p2 − p1
)
,
where κs represents fluid permeability of per unit length on the interface.
3.5.2 Choice of characteristic length for volume averaging in sub-domain
Figure 2 shows the domain splitting into two sub-domains. When applying vol-
ume average formulas on the macro-scale equations of motion of the fluid and solid,
the diameter of the balls in volume average (the characteristic length) can be chosen
through the spatial distribution of the geometric construction and physical property in
order to satisfy the four assumptions of tight oil and gas. For different sub-domains,
the characteristic length is to be chosen suitably. Based on this, we may view the
derivation method presented in this paper as a volume average method with variable
characteristic scale.
3.5.3 Macro-scale equations of motion of fluid and solid in the entire
domain
The macro-scale equations of motion of solid and fluid in every sub-domain and
the jointing conditions on the boundaries between sub-domains, form the system of
equations of motion in the entire domain.
4 Governing Equations of Compressional/Shear Waves and Diffusive-
Viscous Equation
We begin with the macro-scale equations of motion of tight oil and gas, and
derive the governing equations of compressional and shear waves. Based on the basic
assumption of the tight oil and gas media, we simplify the equation of compressional
waves and obtain a simplified equation in the form of the conventional diffusive-viscous
wave equation.
We rewrite the macro-scale equations of motion as follows:
ρf∂2tu
f − ρfc2∇
(
∇·uf − η(t)
)
− µf
(
1
3
∇∇·vf +∇2vf
)
+ µf
φ
K
(
vf − vs
)
= 0, (85)
ρs∂2tu
s − µs∇2us −
(
Ks +
µs
3
)
∇ (∇·us)− µf
K
φ2
1− φ
(
vf − vs
)
= 0. (86)
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Equation (85) is derived from (44) and (84).
4.1 Governing equation of compressional wave in tight oil and gas
Denote
εf ≡ ∇ · uf , (87)
εs ≡ ∇ · us. (88)
Apply the divergence operator on the equation (85) to get
ρf∂2t εf = ρ
fc2∇2εf + 4
3
µf∇2 ∂εf
∂t
− µf φ
K
∂
∂t
(εf − εs) . (89)
Note that η(t) does not depend on the space variable, and so its divergence is zero.
Apply the divergence operator on the equation (86) to get
ρs∂2t εs =
(
Ks +
4
3
µs
)
∇2εs + µf
K
φ2
1− φ
∂
∂t
(εf − εs) . (90)
Equations (89) and (90) form a governing system of the compressional wave in
tight oil and gas media.
4.2 Governing equation of compressional wave and diffusive-viscous equa-
tions
According to [Spanos, 2009a],
εs ≡ ∇·us = −ρ
s
to − ρs0
ρs0
, (91)
where ρs0 is the solid density before the wave arrives, ρ
s
to is the solid density after the
wave arrives, ρsto = ρ
s
0 + ρ
s′. For the tight oil and gas media, the bulk modulus of the
matrix is two or three orders bigger in magnitude than that of the gas, and thus the
bulk strain of the matrix may be regarded as zero. Then (cf. Appendix C),
∂εs
∂t
= 0, (92)
and (89) is simplified to
ρf∂2t εf = ρ
fc2∇2εf + 4
3
µf∇2 ∂εf
∂t
− µf φ
K
∂εf
∂t
. (93)
Equation (93) is the simplified form of governing equation in tight oil and gas media.
It is of the same form as diffusive-viscous wave equations. We may derive from (93)
that
∂2εf
∂t2
+
µf
Kρf
φ
∂εf
∂t
− 4
3
µf
ρf
∇2 ∂εf
∂t
− c2∇2εf = 0. (94)
Recall that the diffusive-viscous wave equation is [Goloshubin and Korneev , 2000;
Korneev et al., 2004; Zhao et al., 2014a,b]
∂2εf
∂t2
+ γ
∂εf
∂t
− η∇2 ∂εf
∂t
− ν2∇2εf = 0. (95)
Comparing equations (95) and (94), we obtain
γ =
µf
Kρf
φ, η =
4
3
µf
ρf
, ν = c. (96)
These relations display physical meanings of the parameters of the diffusive-viscous
equation.
–17–
Confidential manuscript submitted to JGR-Solid Earth
4.3 Governing equation of shear wave in tight oil and gas media
Denote
ωf = ∇× uf , (97)
ωs = ∇× us. (98)
Apply the curl operator to the equation (85), and make use of the equations (95) and
(94),
ρf∂2tωf − µf∇2
∂ωf
∂t
+ µf
φ
K
∂
∂t
(ωf − ωs) = 0. (99)
Similarly, from the equation (86), we find
ρs∂2tωs − µs∇2ωs −
µf
K
φ2
1− φ
∂
∂t
(ωf − ωs) = 0. (100)
Equations (99) and (100) form a system governing the shear wave in tight oil
and gas media.
5 Comparison with the Conventional Equations for Porous Media
The macro-scale equations of motion based on averaging of the micro-scale equa-
tions of solid and fluid match that in Biot’s theory [de la Cruz and Spanos, 1985; Pride
et al., 1992; Sahay , 2001; Spanos, 2001]. In the following, we make a comparison with
the results reported in [de la Cruz and Spanos, 1985].
5.1 Comparison of motion equations
The macro-scale equations of motion of solid and fluid found in [de la Cruz and
Spanos, 1985] are
ρf
∂
∂t
vf +∇pf − µf
[
1
3
∇
(
∇·vf
)
+∇2vf
]
+ µf
φ
K
(
vf − vs
)
= 0, (101)
ρs
∂2
∂t2
us − µs[∇2us + 1
3
∇(∇·us)]−Ks∇(∇·us)
+
Ks + pf
1− φ ∇φ−
µf
K
φ2
1− φ
(
vf − vs
)
= 0, (102)
pf = −Q
φ
∇·us − R
φ
∇·uf , (103)
where Q and R are parameters in Biot’s theory.
The equations presented in this paper are
ρf∂2tu
f − ρfc2∇∇·uf − µf
(
1
3
∇∇·vf +∇2vf
)
+ µf
φ
K
(vf − vs) = 0, (104)
ρs∂2tu
s − µs∇2us −
(
Ks +
1
3
µs
)
∇ (∇·us)− µf
K
φ2
1− φ (v
f − vs) = 0. (105)
As the averaging volume is selected suitably so that the gradient of the porosity
may be viewed zero in the averaging volume, we obtain a closed form for the averaged
pressure of the fluid and simplified equations of motion.
5.2 Comparison of governing wave equations
The governing equations of the shear wave found in [de la Cruz and Spanos,
1985] are
ρf∂2tωf − µf∇2∂tωf + µf φK ∂t(ωf − ωs) = 0, (106)
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ρs∂2tωs − µs∇2ωs − µfK φ
2
1−φ∂t(ωf − ωs) = 0. (107)
These equations are identical to our governing equations of shear wave of tight oil and
gas media.
The governing equations of the compressional wave found in [de la Cruz and
Spanos, 1985] are
ρf∂2t εf =
Q
φ
∇2εs + R
φ
∇2εf + 4
3
µf∇2∂tεf − µf φ
K
∂t (εf − εs) , (108)
ρs∂2t εs =
φ
1− φ
(
Ks − KsR
φρfc2
)
∇2εf +
(
Ks +
4
3
µs − KsQ
(1− φ) ρfc2
)
∇2εs
+
µf
K
φ
1− φ∂t (εf − εs) . (109)
The corresponding equations derived in this paper are
ρf∂2t εf = ρ
fc2∇2εf + 4
3
µf∇2∂tεf − µf φ
K
∂t (εf − εs) , (110)
ρs∂2t εs =
(
Ks +
4
3
µs
)
∇2εs + µf
K
φ2
1− φ∂t (εf − εs) . (111)
We observe that our equations for the compressional wave are simpler than those in
[de la Cruz and Spanos, 1985].
6 Conclusions and Discussions
6.1 Conclusions
We present the equations of motion for solid and fluid in tight oil/gas reservoir
based on the four basic assumptions. We derive the macro-scale motion equations
through the averaging technique applied on the micro-scale motion equations for both
the fluid and the solid. The derivation is relatively rigorous. The equations provide a
reliable basis for study of problems in tight oil/gas exploration.
The derived motion equations are more concise than that in Biot’s theory, and
are better suited for parameter inversion of porous media.
Our equations lead to the diffusive-viscous equation in the study of compressional
waves. Traditionally, the diffusive-viscous equation is proposed based on experiments,
and the physical meanings of the parameters of the equation are not clear. Our deriva-
tion provides relations between the parameters and physical quantities of the media
such as the density, the porosity, and the effective permeability. This makes it possible
to invert the physical quantities of the media through solving inverse problems.
6.2 Discussion
1. The motion equations in tight oil/gas sandstone media are presented under the
four assumptions. The equations are obtained by employing the volume averaging to
the motion equations and the boundary conditions on the fluid-solid interface governing
each phase at micro-scale. The proposed equations are two coupled vector equations
in which the parameters have definite physical interpretation.
2. The validity of the four assumptions in tight oil/gas sandstone media is demon-
strated by measured petrophysical parameters, the rock physics measurements and the
results of the previous studies.
3. The compressional wave equation is obtained by introducing the scalar po-
tential function . It has the same form as the conventional diffusive-viscous wave
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equation, but the parameters in the compressional wave equation are determined by
the petrophysical parameters and they have precise physical meaning. Moreover, the
derived compressional wave equation is easily applicable to seismic inversion due to its
simplified form.
4. The shear wave equation can be derived by introducing vector potential func-
tion in the proposed motion equations, which is of important significance in multi-wave
inversion.
A: Appendix A. Derivation of a formula for a+ b
In order to use the observed physical parameter to determine the value of a+ b,
we rewrite the equation (30) as
∂t〈ρfvfi 〉+ ∂i〈pf 〉+ ∂j
[
〈ρfvfi vfj 〉 − 〈σfij〉
]
+
1
V
∫
Afs
(
pfδij − σfij
)
njdA = 0. (A.1)
In equation (A.1), the first term of left side is the inertial force; the second term
is the force generated by the gradient of average pressure; the third term is quadratic
term of velocity, which, namely, refers to the force generated by the gradient of space
derivation of velocity; the fourth term is the viscous force, which is generated from the
coupling between the fluids and solid frame. The experimental data suggest that the
velocity of fluid in the tight oil/gas sandstone may be relatively high, while the fluid
flux of passing through porous area is small, namely, the averaging velocity of fluid
is low. It is because that viscous fluid moves slowly, the time derivative of average
velocity (the first term of equation (A.1)), and second-order partial derivative of fluids
velocity to space variable, and the gradient of average value of second term of fluids
velocity are also high-order infinite quantity comparing with both the second and
fourth term. As a result, they can be neglected [Pride et al., 1992].
Following [Pride et al., 1992], we may ignore higher order terms and approximate
(A.1) by
∂i
(
φ pf
)
+
1
V
∫
Afs
pfnidA− 1
V
∫
Afs
σfijnidA = 0. (A.2)
Substituting the equation (40) and (41) to (A.2) and assuming the gradient of the
porosity is negligible, we obtain
∂i
(
φ pf
)
+ µfa
(
vfi − vsi
)
+ µfb
(
vfi − vsi
)
= 0, (A.3)
i.e.,
φ∇pf = −(a+ b)µf
(
vf − vs
)
. (A.4)
Let q be the filtering speed, defined as [de la Cruz and Spanos, 1983]
q =
1
V
∫
V
(
vf − vs) dV = φ(vf − vs) . (A.5)
Substituting equation (A.5) into (A.4),
q = − φ
2
(a+ b)
1
µf
∇pf . (A.6)
Based on the equation (A.6), the equivalent permeability is [de la Cruz and Spanos,
1983]
K =
φ2
a+ b
. (A.7)
Then we get
a+ b =
φ2
K
. (A.8)
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Table B.1. Ranges of P wave velocity, S wave velocity and density in tight gas sandstone
Minimum Maximum
Vp (km/s) 3.81 5.57
Vs (km/s) 2.59 3.50
Density(g/cc2) 2.26 2.67
B: Appendix B. Rationality of the four assumptions
The statistic data analysis and micro-phase sandstone volume suggest that poros-
ity of Sulige tight oil/gas sandstone is primarily controlled by the micro-scale sedi-
mentary phase [Reynolds, 1999]. The lateral resolution can be divided into internal
sandstone block of river channel, margin sandstone block of river channel, internal
floodplain of river channel and different micro-scale phase types.
We take the data from the Erdos basin as an example.
Internal sandstone block of river channel: within the width of 2-4 km of micro-
scale phase of river channel, the porosity generally ranges from 6% to 8%, while the
lateral variation of porosity is less than 1% scaling from 10 m to 1000 m.
Margin sandstone block of river channel: the width of margin of sandstone block
is generally less than 1 km with the porosity ranging from 3% to 6%, and its lateral
variation of porosity is within 1%–2% at the lateral scaling from 100 m to 1000 m.
The lateral variation is slightly high.
Internal floodplain of river channel: the width of internal floodplain is 2–4 km,
and the porosity is less than 3%. The lateral porosity variation is less than 1% at the
scaling from 10 m to 4000 m.
The porosity variation of different micro-scale phase: the maximum lateral vari-
ation of porosity is observed between the micro-scale phase of river channel and that
of different river channel, the distance among them is generally less than 1 km, while
the porosity can be varied from 8% to 2%, namely, the lateral porosity variation is 6%
per thousand meters.
When calculating the average volume, the characteristic length is more than
10−6 m and less than dozens of meters. Therefore, choosing the characteristic length
of average volume suitably, the gradient of the porosity may be regarded as zero.
Table B.1 provides numerical ranges of the P wave velocity, the S wave velocity
and the density in tight gas sandstone for the case of dry saturation with ultrasonic
measurement at an effective pressure of 40 Mpa [Jizba, 1991].
Table B.2 provides a classification of pore sizes [Scho¨n, 2011]. The pore size in
tight oil/gas reservoir is typically less than 50µm.
C: Appendix C. Demonstration of ∂tεs = 0
When the pressure induced by the seismic wave propagates into the region, the
density of the solid will be changed. Recall equation (92):
εs(x, t) = −ρ
s(x, t)− ρs0(x)
ρs0(x)
. (C.1)
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Table B.2. Pore size classification
Type of pore Diameter d Type of Pore Diameter d
Rough pore d > 2 mm Macropore 50 nm > d > 2 nm
Macrocapillary 2 mm > d > 50µm Mesopore 2µm > d > 0.8 nm
Capillary 50µm > d > 2µm Micropore 0.8 nm > d
Microcapillary 2µm > d > 5 nm
Differentiate with respect to t,
∂εs
∂t
= − 1
ρs0
∂ρs
∂t
. (C.2)
The bulk modulus of the matrix in tight oil and gas (rock matrix) is related to
the porosity [Paterson and Wong , 2005]. For sandstone, the bulk modulus of different
porosity are shown as
Table C.1. The bulk modulus of different porosity
Porosity Bulk modulus Ks (GPa)
0.06 36
0.18 38.6
0.19 36
Because most gases are extremely compressible under reservoir conditions, in
many cases the bulk modulus (incompressibility) of a hydrocarbon gas can be set as
0.01-0.2 GPa in seismic modeling [Scho¨n, 2011]. Let Kg represent the bulk modulus
of gas, based on the data mentioned above. We have
Ks
Kg
∼ 102 − 103. (C.3)
The bulk modulus of the matrix in tight oil and gas is 2 to 3 orders bigger in magnitude
than that of the gas, the bulk strain of solid matrix resulting from the pressure induced
by seismic waves may be zero, that is, the change in the density is negligible. Hence,
∂ρs(x, t)
∂t
= 0,
and by (C.2),
∂εs
∂t
= 0.
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